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Regularity of the singular set for Mumford-Shah minimizers

in R3 near a minimal cone

ANTOINE LEMENANT

Abstract. We prove that if (u, K ) is a minimizer of the Mumford-Shah func-

tional in an open set ! of R3, and if x ∈ K and r > 0 are such that K is close
enough to a minimal cone of type P (a plane), Y (three half planes meeting at x
with 120◦ angles) or T (cone over the 6 edges of a regular tetrahedron centered
at x) in terms of Hausdorff distance in B(x, r), then K is C1,α equivalent to the
minimal cone in B(x, cr) where c < 1 is a universal constant.

Mathematics Subject Classification (2010): 49Q20 (primary); 49Q05 (sec-
ondary).

1. Introduction

The Mumford-Shah functional originally comes from an image-segmentation prob-

lem. If ! is an open subset of R2, for example a rectangle, and g ∈ L∞(!) is an
image, D. Mumford and J. Shah [15] proposed to define

J (u, K ) :=
∫

!\K
|∇u|2dx +

∫

!\K
(u − g)2dx +H1(K ) (1.1)

and, to get a segmentation of the image g, to minimize the functional J over all the

admissible pairs (u, K ) where K is a closed one-dimensional set and u is regular

outside K . More precisely (u, K ) belongs to the set of admissible pairs A defined

by

A :=
{
(u, K ); K ⊂ ! is closed, u ∈ W

1,2
loc (!\K )

}
. (1.2)

For any solution (u, K ) that minimizes J , the function u represents a “smoother”
version of the image g and the set K stands for the edges of the image. One can

easily be intuitively convinced that when being minimized, J tends to detect the

singularities of g, which leads to solve the desired segmentation problem.
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